Introduction {#Sec1}
============
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                \begin{document}$$G: X \rightarrow \overline{\mathbb {R}}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$F: Y \rightarrow \overline{\mathbb {R}}$$\end{document}$ be convex, proper, and lower semicontinuous functionals on Hilbert spaces *X* and *Y*, possibly infinite dimensional. Also let $\documentclass[12pt]{minimal}
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                \begin{document}$$K \in \mathcal {L}(X; Y)$$\end{document}$ be a bounded linear operator. We then wish to solve the problem$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \min _{x \in X} G(x) + F(Kx). \end{aligned}$$\end{document}$$This can under mild conditions on *F* (see, for example, \[[@CR1], [@CR2]\]) also be written with the help of the convex conjugate $\documentclass[12pt]{minimal}
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                \begin{document}$$F^*$$\end{document}$ in the minimax form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \min _{x \in X} \max _{y \in Y} \ G(x) + \langle K x,y\rangle - F^*(y). \end{aligned}$$\end{document}$$One possibility for the numerical solution of the latter form is the primal--dual algorithm of Chambolle and Pock \[[@CR3]\], a type of proximal point or extragradient method, also classified as the 'modified primal--dual hybrid gradient method' or PDHGM by Esser et al. \[[@CR4]\]. If either *G* or $\documentclass[12pt]{minimal}
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                \begin{document}$$F^*$$\end{document}$ is strongly convex, the method can be accelerated to $\documentclass[12pt]{minimal}
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                \begin{document}$$O(1/N^2)$$\end{document}$ convergence rates of the iterates and an ergodic duality gap \[[@CR3]\]. But what if we have only partial strong convexity? For example, what if$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} G(x)=G_0(P x) \end{aligned}$$\end{document}$$for a projection operator *P* to a subspace $\documentclass[12pt]{minimal}
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                \begin{document}$$X_0 \subset X$$\end{document}$, and strongly convex $\documentclass[12pt]{minimal}
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                \begin{document}$$G_0: X_0 \rightarrow \mathbb {R}$$\end{document}$? This kind of structure is common in many applications in image processing and data science, as we will more closely review in Sect. [5](#Sec17){ref-type="sec"}. Under such *partial strong convexity*, can we obtain a method that would give an accelerated rate of convergence at least for *Px*?

We provide a partially positive answer: we can obtain mixed rates, $\documentclass[12pt]{minimal}
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                \begin{document}$$O(1/N^2)$$\end{document}$ with respect to initialisation, and *O*(1 / *N*) with respect to bounds on the 'residual variables' *y* and $\documentclass[12pt]{minimal}
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                \begin{document}$$(I-P)x$$\end{document}$. In this respect, our results are similar to the 'optimal' algorithm of Chen et al. \[[@CR5]\]. Instead of strong convexity, they assume smoothness of *G* to derive a primal--dual algorithm based on backward--forward steps, instead of the backward--backward steps of \[[@CR3]\].

The derivation of our algorithms is based, firstly, on replacing simple step length parameters by a variety of abstract step length operators and, secondly, a type of abstract partial strong monotonicity property$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\langle \partial G(x') - \partial G(x),{\widetilde{T}}^{-1}(x'-x)\rangle \nonumber \\&\quad \ge \Vert x'-x\Vert _{{{\widetilde{T}}}^{-1,*}\Gamma '}^2 - \text {penalty}\_\text {term}, \end{aligned}$$\end{document}$$the full details of which we provide in Sect. [2](#Sec2){ref-type="sec"}. Here $\documentclass[12pt]{minimal}
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                \begin{document}$${\widetilde{T}}$$\end{document}$ is an auxiliary step length operator. Our factor of strong convexity is a positive semidefinite operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma \ge 0$$\end{document}$; however, to make our algorithms work, we need to introduce additional artificial strong convexity through another operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma '$$\end{document}$, which may not satisfy $\documentclass[12pt]{minimal}
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                \begin{document}$$0 \le \Gamma ' \le \Gamma $$\end{document}$. This introduces the penalty term in ([1](#Equ1){ref-type=""}). The exact procedure can be seen as a type of smoothing, famously studied by Nesterov \[[@CR6]\], and more recently, for instance, by Beck and Teboulle \[[@CR7]\]. In these approaches, one computes *a priori* a level of smoothing---comparable to $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma '$$\end{document}$---needed to achieve prescribed solution quality. One then solves a smoothed problem, which can be done at $\documentclass[12pt]{minimal}
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                \begin{document}$$O(1/N^2)$$\end{document}$ rate. However, to obtain a solution with higher quality than the a priori prescribed one, one needs to solve a new problem from scratch, as the smoothing alters the problem being solved. One can also employ restarting strategies, to take some advantage of the previous solution, see, for example, \[[@CR8]\]. Our approach does not depend on restarting and a priori chosen solution qualities: the method will converge to an optimal solution to the original non-smooth problem. Indeed, the introduced additional strong convexity $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma '$$\end{document}$ is controlled automatically.

The 'fast dual proximal gradient method', or FDPG \[[@CR9]\], also possesses different type of mixed rates, *O*(1 / *N*) for the primal, and $\documentclass[12pt]{minimal}
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                \begin{document}$$O(1/N^2)$$\end{document}$ for the dual. This is, however, under standard strong convexity assumptions. Other than that, our work is related to various further developments from the PDHGM, such as variants for nonlinear *K* \[[@CR10], [@CR11]\] and non-convex *G* \[[@CR12]\]. The PDHGM has been the basis for inertial methods for monotone inclusions \[[@CR13]\] and primal--dual stochastic coordinate descent methods without separability requirements \[[@CR14]\]. Finally, the FISTA \[[@CR15], [@CR16]\] can be seen as a primal-only relative of the PDHGM. Not attempting to do full justice here to the large family of closely related methods, we point to \[[@CR4], [@CR17], [@CR18]\] for further references.

The contributions of our paper are twofold: firstly, to paint a bigger picture of what is possible, we derive a very general version of the PDHGM. This algorithm, useful as a basis for deriving other new algorithms besides ours, is the content of Sect. [2](#Sec2){ref-type="sec"}. In this section, we provide an abstract bound on the iterates of the algorithm, later used to derive convergence rates. In Sect. [3](#Sec9){ref-type="sec"}, we extend the bound to include an ergodic duality gap under stricter conditions on the acceleration scheme and the step length operators. A by-product of this work is the shortest convergence rate proof for the accelerated PDHGM known to us. Afterwards, in Sect. [4](#Sec12){ref-type="sec"}, we derive from the general algorithm two efficient mixed-rate algorithms for problems exhibiting strong convexity only on subspaces. The first one employs the penalty or smoothing $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ on both the primal and the dual. The second one only employs the penalty on the dual. We finish the study with numerical experiments in Sect. [5](#Sec17){ref-type="sec"}. The main results of interest for readers wishing to apply our work are Algorithms 3 and 4 along with the respective convergence results, Theorems [4.1](#FPar19){ref-type="sec"} and [4.2](#FPar24){ref-type="sec"}.

A General Primal--Dual Method {#Sec2}
=============================

Notation {#Sec3}
--------

To make the notation definite, we denote by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {L}(X; Y)$$\end{document}$ the space of bounded linear operators between Hilbert spaces *X* and *Y*. For $\documentclass[12pt]{minimal}
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                \begin{document}$$T, S \in \mathcal {L}(X; X)$$\end{document}$, the notation $\documentclass[12pt]{minimal}
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                \begin{document}$$T \ge S$$\end{document}$ means that $\documentclass[12pt]{minimal}
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                \begin{document}$$T-S$$\end{document}$ is positive semidefinite; in particular, $\documentclass[12pt]{minimal}
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                \begin{document}$$T \ge 0$$\end{document}$ means that *T* is positive semidefinite. In this case, we also denote$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {[0, T]} :=\{\lambda T \mid \lambda \in [0, 1]\}. \end{aligned}$$\end{document}$$The identity operator is denoted by *I*, as is standard.
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                \begin{document}$$0 \le M \in \mathcal {L}(X; X)$$\end{document}$, which can possibly not be self-adjoint, we employ the notation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle a,b\rangle _M :=\langle Ma,b\rangle , \quad \text {and} \quad \Vert a\Vert _M :=\sqrt{\langle a,a\rangle _M}. \end{aligned}$$\end{document}$$We also use the notation $\documentclass[12pt]{minimal}
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                \begin{document}$${T}^{-1,*} :=(T^{-1})^*$$\end{document}$.

Background {#Sec4}
----------

As in the introduction, let us be given convex, proper, lower semicontinuous functionals $\documentclass[12pt]{minimal}
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                \begin{document}$$F^*: Y \rightarrow \overline{\mathbb {R}}$$\end{document}$ on Hilbert spaces *X* and *Y*, as well as a bounded linear operator $\documentclass[12pt]{minimal}
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                \begin{document}$$K \in \mathcal {L}(X; Y)$$\end{document}$. We then wish to solve the minimax problem$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \min _{x \in X} \max _{y \in Y} \ G(x) + \langle K x,y\rangle - F^*(y), \end{aligned}$$\end{document}$$assuming the existence of a solution $\documentclass[12pt]{minimal}
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                \begin{document}$${\widehat{u}}=({\widehat{x}}, {\widehat{y}})$$\end{document}$ satisfying the optimality conditions$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} -K^* {\widehat{y}}\in \partial G({\widehat{x}}), \quad \text {and}\quad K {\widehat{x}}\in \partial F^*({\widehat{y}}). \end{aligned}$$\end{document}$$Such a point always exists if $\documentclass[12pt]{minimal}
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                \begin{document}$$\lim _{\Vert x\Vert \rightarrow \infty } G(x)/\Vert x\Vert =\infty $$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\lim _{\Vert y\Vert \rightarrow \infty } F^*(y)/\Vert y\Vert =\infty $$\end{document}$, as follows from \[[@CR2], Proposition VI.1.2 & Proposition VI.2.2\]. More generally the existence has to be proved explicitly. In finite dimensions, see, for example, \[[@CR19]\] for several sufficient conditions.

The primal--dual method of Chambolle and Pock \[[@CR3]\] for the solving (P) consists of iterating $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x^{i+1}&:=(I+\tau _i \partial G)^{-1}(x^i- \tau _i K^*y^{i}), \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \bar{x}^{i+1}&:=\omega _i (x^{i+1}-x^i)+x^{i+1}, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} y^{i+1}&:=(I+\sigma _{i+1} \partial F^*)^{-1}(y^i+ \sigma _{i+1} K \bar{x}^{i+1}). \end{aligned}$$\end{document}$$ In the basic version of the algorithm, $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _i \equiv \sigma _0$$\end{document}$, assuming that the step length parameters satisfy $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _0 \sigma _0 \Vert K\Vert ^2 < 1$$\end{document}$. The method has *O*(1 / *N*) rate for the ergodic duality gap \[[@CR3]\]. If *G* is strongly convex with factor $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$, we may use the acceleration scheme \[[@CR3]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \omega _i :=1/\sqrt{1+2\gamma \tau _i}, \quad \tau _{i+1} :=\tau _i\omega _i, \quad \text {and}\quad \sigma _{i+1} :=\sigma _i/\omega _i,\nonumber \\ \end{aligned}$$\end{document}$$to achieve $\documentclass[12pt]{minimal}
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                \begin{document}$$O(1/N^2)$$\end{document}$ convergence rates of the iterates and an ergodic duality gap, defined in \[[@CR3]\]. To motivate our choices later on, observe that $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _0$$\end{document}$ is never used expect to calculate $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _1$$\end{document}$. We may therefore equivalently parametrise the algorithm by $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta = 1 - \Vert K\Vert ^2 \tau _0\sigma _0 > 0$$\end{document}$.

We note that the order of the steps in (3) is different from the original ordering in \[[@CR3]\]. This is because with the present order, the method (3) may also be written in the proximal point form. This formulation, first observed in \[[@CR20]\] and later utilised in \[[@CR10], [@CR11], [@CR21]\], is also what we will use to streamline our analysis. Introducing the general variable splitting notation,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} u=(x, y), \end{aligned}$$\end{document}$$the system (3) then reduces into$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 0 \in H(u^{i+1}) + M_{\text {basic},i}(u^{i+1}-u^i), \end{aligned}$$\end{document}$$for the monotone operator$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H(u) :=\begin{pmatrix} \partial G(x) + K^* y \\ \partial F^*(y) -K x \end{pmatrix}, \end{aligned}$$\end{document}$$and the *preconditioning* or *step length operator* $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} M_{\text {basic},i} :=\begin{pmatrix} I/\tau _i &{}\quad -K^* \\ -\omega _i K &{}\quad I/\sigma _{i+1} \end{pmatrix}. \end{aligned}$$\end{document}$$We note that the optimality conditions (OC) can also be encoded as $\documentclass[12pt]{minimal}
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                \begin{document}$$0 \in H({\widehat{u}})$$\end{document}$.

Abstract Partial Monotonicity {#Sec5}
-----------------------------

Our plan now is to formulate a general version of (3), replacing $\documentclass[12pt]{minimal}
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                \begin{document}$$\Sigma _i \in \mathcal {L}(Y; Y)$$\end{document}$. In fact, we will need two additional operators $\documentclass[12pt]{minimal}
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### Example 2.1 {#FPar1}
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The next lemma demonstrates what can be done when all the parameters are scalar. It naturally extends to functions of the form $\documentclass[12pt]{minimal}
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### Lemma 2.1 {#FPar2}
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### Proof {#FPar3}
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### Example 2.2 {#FPar4}
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A General Algorithm and the Idea of Testing {#Sec6}
-------------------------------------------

The only change we make to the proximal point formulation ([5](#Equ9){ref-type=""}) of the method (3) is to replace the basic step length or preconditioning operator $\documentclass[12pt]{minimal}
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A Simplified Condition {#Sec7}
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Basic Convergence Result {#Sec8}
------------------------

Our main result on Algorithm 1 is the following theorem, providing some general convergence estimates. It is, however, important to note that the theorem does not yet directly prove convergence, as its estimates depend on the rate of decrease in $\documentclass[12pt]{minimal}
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### Remark 2.1 {#FPar6}
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### Proof {#FPar7}
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Scalar Off-diagonal Updates and the Ergodic Duality Gap {#Sec9}
=======================================================
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Scalar Specialisation of Algorithm 1 {#Sec10}
------------------------------------
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We have thus converted the main conditions (C2), (C1), (G-PM), and ($\documentclass[12pt]{minimal}
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### Example 3.1 {#FPar8}
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The Ergodic Duality Gap and Convergence {#Sec11}
---------------------------------------

To study the convergence of an ergodic duality gap, we now introduce convexity notions analogous to ([G-pm](#Equ31){ref-type=""}) and ($\documentclass[12pt]{minimal}
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### Remark 3.1 {#FPar10}
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### Example 3.2 {#FPar11}
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### Remark 3.2 {#FPar13}
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### Proof {#FPar14}
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To summarise the findings of this section, we state the following proposition.

### Proposition 4.1 {#FPar15}
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### Theorem 4.1 {#FPar19}

Suppose (G-pcr) and ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hbox {F}^*$$\end{document}$-pcr) hold for some projection operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P \in \mathcal {L}(X; X)$$\end{document}$, scalars $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{\gamma }, \bar{\gamma }^\perp , \bar{\rho }> 0$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \equiv C_\phi $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \equiv C_\psi ^\perp $$\end{document}$, for some constants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_\phi , C_\psi ^\perp >0$$\end{document}$. With $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =1/2$$\end{document}$, fix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma \in (0, \lambda \bar{\gamma }]$$\end{document}$. Select initial $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _0, \tau ^\perp _0 > 0$$\end{document}$, as well as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta \in (0, 1)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta \le (\tau _0^\perp )^{-2}$$\end{document}$ satisfying ([61](#Equ72){ref-type=""}). Then, Algorithm 3 satisfies for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0,C_\tau >0$$\end{document}$ the estimate$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\frac{\delta }{2}\Vert P(x^N-{\widehat{x}})\Vert ^2 + \frac{1}{\tau ^{-1}_0+2\gamma }\mathcal {G}^{N} \le \frac{C_0 C_\tau ^2}{N^2}\nonumber \\&\quad +\, \frac{C_\tau }{2 N}\left( \zeta ^{1/2} C_\psi ^\perp +\frac{\zeta ^{-1/2}\Vert K\Vert ^2}{1-\delta }C_\phi \right) , \quad (N \ge 0). \end{aligned}$$\end{document}$$If we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =1$$\end{document}$, then ([48](#Equ60){ref-type=""}) holds with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {G}^{N} = 0$$\end{document}$.

### Proof {#FPar20}

During the course of the derivation of Algorithm 3, we have verified (45), solving ([45a](#Equ55){ref-type=""}) as an equality. Moreover, Lemma [4.1](#FPar17){ref-type="sec"} and ([61](#Equ72){ref-type=""}) guarantee ([47](#Equ59){ref-type=""}). We may therefore apply Proposition [4.1](#FPar15){ref-type="sec"}. Inserting ([62](#Equ73){ref-type=""}) and ([63](#Equ74){ref-type=""}) into ([48](#Equ60){ref-type=""}) and ([49](#Equ61){ref-type=""}) gives$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\frac{\delta }{2}\Vert P(x^N-{\widehat{x}})\Vert ^2 + \frac{1}{\tau ^{-1}_0+2\gamma }\mathcal {G}^{N} \le \tau _N{\widetilde{\tau }}_N\nonumber \\&\quad \times \, \biggl ( C_0 + \frac{\zeta C_\psi ^\perp }{2} {\widetilde{\tau }}_{N}^{-1} \tau _{N}^\perp + \frac{\Vert K\Vert ^2 C_\phi }{2(1-\delta )} {\widetilde{\tau }}_{N}^{-1} \tau _{N}^\perp \biggr ). \end{aligned}$$\end{document}$$The condition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta \le (\tau _0^\perp )^{-2}$$\end{document}$ now guarantees $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _N^\perp \le \zeta ^{-1/2}$$\end{document}$ through ([58](#Equ70){ref-type=""}). Now we note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widetilde{\tau }}_i$$\end{document}$ is not used in Algorithm 3, so it only affects the convergence rate estimates. We therefore simply take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widetilde{\tau }}_0=\tau _0$$\end{document}$, so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widetilde{\tau }}_N=\tau _N$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N \in \mathbb {N}$$\end{document}$. With this and the bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _N \le C_\tau /N$$\end{document}$ from Remark [3.2](#FPar13){ref-type="sec"}, ([64](#Equ75){ref-type=""}) follows by simple estimation of ([65](#Equ76){ref-type=""}).$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Remark 4.1 {#FPar21}

As a special case of Algorithm 3, if we choose $\documentclass[12pt]{minimal}
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### Remark 4.2 {#FPar22}

The convergence rate provided by Theorem [4.1](#FPar19){ref-type="sec"} is a mixed $\documentclass[12pt]{minimal}
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                \begin{document}$$O(1/N^2) + O(1/N)$$\end{document}$ rate, similarly to that derived in \[[@CR5]\] for a type of forward--backward splitting algorithm for smooth *G*. Ours is of course backward--backward type algorithm. It is interesting to note that using the differentiability properties of infimal convolutions \[[@CR23], Proposition 18.7\], and the presentation of a smooth *G* as an infimal convolution, it is formally possible to derive a forward--backward algorithm from Algorithm 3. The difficulties lie in combining this conversion trick with conditions on the step lengths.
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With these choices, Algorithm 2 yields Algorithm 4, whose convergence properties are stated in the next theorem.

### Theorem 4.2 {#FPar24}
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### Proof {#FPar25}

We apply Proposition [4.1](#FPar15){ref-type="sec"} whose assumptions we have verified during the course of the present section. In particular, $\documentclass[12pt]{minimal}
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Examples from Image Processing and the Data Sciences {#Sec17}
====================================================

We now consider several applications of our algorithms. We generally have to consider discretisations, since many interesting infinite-dimensional problems necessitate Banach spaces. Using Bregman distances, it would be possible to generalise our work form Hilbert spaces to Banach spaces, as was done in \[[@CR24]\] for the original method of \[[@CR3]\]. This is, however, outside the scope of the present work.Fig. 1We use sample image (**b**) for denoising, and (**c**) for deblurring experiments. Free Kodak image suite photo, at the time of writing online at <http://r0k.us/graphics/kodak/>. **a** True image. **b** Noise image. **c** Blurry image

Regularised Least Squares {#Sec18}
-------------------------

A large range of interesting application problems can be written in the *Tikhonov regularisation* or *empirical loss minimisation* form$$\documentclass[12pt]{minimal}
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In image processing examples abound, we refer to \[[@CR25]\] for an overview. In total variation ($\documentclass[12pt]{minimal}
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*Satisfaction of convexity conditions*

In all of the above examples, when written in the saddle point form (P), $\documentclass[12pt]{minimal}
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*Dynamic bounds and pseudo-duality gaps*

We seldom know the exact bound *M*, but can derive conservative estimates. Nevertheless, adding such a bound to Algorithm 4 is a simple, easily implemented projection of $\documentclass[12pt]{minimal}
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Numerical Results {#Sec20}
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We evaluate Algorithms [3](#Sec15){ref-type="sec"} and [4](#Sec16){ref-type="sec"} against the standard unaccelerated PDHGM of \[[@CR3]\], as well as (a) the mixed-rate method of \[[@CR5]\], denoted here C-L-O, (b) the relaxed PDHGM of \[[@CR20], [@CR32]\], denoted here 'Relax', and (c) the adaptive PDHGM of \[[@CR33]\], denoted here 'Adapt'. All of these methods are very closely linked and have comparable low costs for each step. This makes them straightforward to compare.

As we have discussed, for comparison and stopping purposes, we need to calculate a pseudo-duality gap as in \[[@CR28]\], because the real duality gap is in practise infinite when *A* has a non-trivial nullspace. We do this dynamically; upgrading, the *M* in ([76](#Equ86){ref-type=""}) every time, we compute the duality gap. For both of our example problems, we use for simplicity $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\beta , \alpha )$$\end{document}$ of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$TGV ^2$$\end{document}$ regularisation functional, we choose (4.4, 4) for the downscale image, and translate this to the original image by multiplying by the scaling vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(0.25^{-2}, 0.25^{-1})$$\end{document}$ corresponding to the 0.25 downscaling factor. See \[[@CR34]\] for a discussion about rescaling and regularisation factors, as well as for a justification of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta /\alpha $$\end{document}$ ratio.Fig. 3$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$TGV ^2$$\end{document}$ denoising performance, 20,000 iterations, high- and low-resolution images. The plot is logarithmic, with the decibels calculated as in Sect. [5.3](#Sec20){ref-type="sec"}. The poor high-resolution results for 'Adapt' \[[@CR33]\] have been omitted to avoid poor scaling of the plots. **a** Gap, low resolution, **b** target, low resolution, **c** value, low resolution, **d** gap, high resolution, **e** target, high resolution, **f** value, high resolution
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The results are in Fig. [4](#Fig4){ref-type="fig"} and Table [2](#Tab2){ref-type="table"}. It does not appear numerically feasible to go significantly below $\documentclass[12pt]{minimal}
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Conclusion {#Sec21}
==========

To conclude, overall, our algorithms are very competitive within the class of proposed variants of the PDHGM. Within our analysis, we have, moreover, proposed very streamlined derivations of convergence rates for even the standard PDHGM, based on the proximal point formulation and the idea of testing. Interesting continuations of this study include whether the condition $\documentclass[12pt]{minimal}
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This is primarily a theory paper, with some demonstrations on a photograph freely available from the Internet. As this article was written, the used photograph from the Kodak image suite was, in particular, available at <http://r0k.us/graphics/kodak/>. It has also been archived with our implementations of the algorithms at <https://www.repository.cam.ac.uk/handle/1810/253697>.
